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Introduction




w2 Motivation

Mechanics

e Multiphase fluid flows
e Gurtin-Murdoch theory of deformable surfaces and nanoelasticity
e Deformation of soft materials

Materials science

e Dendritic crystal growth and solidification
e Phase separation dynamics on manifolds
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=7 Mean Curvature

e Let c RY be an orientable C?
surface with outward unit normal
v:T — R?

e The mean curvature can be
computed as «(x) = V. - v(x)

¢ The mean curvature vector is
defined by H (x) = x(x)v(x)

e The mean curvature vector can
also be computed using the
Laplace—Beltrami operator
H = —Apxp

v(x)

H(x)
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W=7 Mean Curvature — Weak Problem
v(x)

1
Strong problem: M%
{Find H e L*>(T,RY) such that )

H = _AFXF' Ik

1. Letv e H'(T,RY)
2. [[H-vdl'=— [ Apxp-vdD
3. [[H-vdl'= [.Vpxp-VpvdD

a(H,v) L(v) H (x)
Weak problem: T

Find H € L2(T,RY) such that
a(H,v) = L(v), Vv € HY(T,RY).

Gustaf Bjurstam KTH 7/23
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w50 Finite Element Approximation

Continuous weak problem: : :
Find H € L2(T. R%) such that What makes this delicate?
{a(H V) = L(v), ¥YveH.T,RY Curvature depends on derivatives of

o , , the geometry.
Replace by a finite-dimensional problem

on an approximate surface: surface — normal — curvature
T ~T,, H{,RY -V,

Usually V, is a space of continuous Rule of thumb

piecewise polynomial functions. Each derivative typically costs one

Discrete weak problem: order of accuracy.

Find H, € V, such that
a,(H,,v) =L, (v), VveV,.

degree k ~» accuracy k — 1.
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Cut Finite Element Methods
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wf Why CutFEM? WAVAYAVAY4%) A%
-t KERUBIES X
Body-fitted FEM Lﬁi‘!’l K Ay Es
The mesh follows the moving domain. K "EFQL‘JF h".!l!

\<E2

Vg
1‘&"1"

e Natural for fixed domains

e For evolving domains, the mesh must
deform

W

ﬁr

Vo

e At some point, re-meshing may be
needed

CutFEM idea

Keep the background mesh fixed and let
the geometry cut through it.
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W5 Linear CutFEM for Mean Curvature

Originally formulated in 2015 by Hansbo, Larson, & Zahedi.

Let I', be a family of piecewise
planar approximations of I'.

1x = PO oo, S h%,
PAXI oy T,
Vo p=vylljeq,) S h. /
Active mesh: T
I, ={T € F},,: T NI, = ).
Surface partition:
F, ={T'Nl',:Teg,}
Finite element space:
vV, ={vec®Q,):vl, P, (T}

Gustaf Bjurstam KTH 11/23
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W5 Linear CutFEM for Mean Curvature

Discrete weak problem:
{Find H, € [V,]? such that
A (H,v) =L,(), Yvel[V,],
With

A (u,v) = a,(u,v) + sh,F(u, V)
a, (u,v) = (u, V>rh :=/ u-vdrl,
Iy
L,(v) = <VFhXFh’VFhV>rh
spv) = ) 1 (g - Vul, vg - W),

FEF,

Gustaf Bjurstam KTH

[V

-Vu] =vg - Vu, —vg - Vu,
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= \What Must the Stabilization Do?

The first contribution of this thesis is to abstract the properties the stabilization form.
We assume that s, satisfies

(A1) symmetric semi-positive definiteness, defining a semi-norm ||-||sh

(A2) weak consistency:
e, + [l He, < b

(A3) tangential-gradient and trace control:

2 2 2
W2 [T+ D BV + 3 bt - Vi, v]
h Kex, E€é,

I+ VIR
12(8) T L2@) S
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W Error Bound — Linear Case

Theorem
If the geometric assumptions hold, and the stabilization form s, satisfies (A1)—(A3),
the solution H, to the discrete problem satisfies the following bound':

I 2, + 1 — B2 5 12

'Stabilized finite element approximation of the mean curvature vector on closed surfaces, P. Hansbo, M. G. Larson & S.
Zahedi, 2015
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The second contribution is to extend the framework to tensor-product elements

e Replace simplices by
orthogonal hyper-rectangles:

vV, ={vec’Q):vl;, €Q, (T}
Q, has basis functions
{Lx,y,xy}inR?*

e [, N T can now be curved,

but the approximation
bounds stay the same
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e The error bound proof for the linear case relies on the fact that the surface
Laplacian disappears for linear function on flat surfaces

Plerhv=O Vv eV,

* This is not the case for Q; functions or curved discrete surfaces
Q:A,v#0 VveV,

e By introducing an additional assumption on the stabilization form we are able to
recover the first order error estimate

(A4) We assume s, satisfies:

2

2 2
R NAL VI ) S VI

2
+Ivi?



as

Qgs"%%g o_ o
FRTIE Cut Finite Element Methods

EEEEEEEEE

wed  Error Bound — Multilinear Case

Theorem
: : Treg,
If the geometric assumptions hold, and the v,
stabilization form s, satisfies (A1)-(A3), and (A4),
the solution H, to the discrete problem satisfies
the following bound:
e e K e X,

||H _Hh”]zJZ(rh) + ||H _Hh”?h S hz‘ A

Proposition

The stabilization form s, = s, p + s,  satisfies
assumptions (A1)—(A4).
P s, V) = Z Ty vy - Vi, v, - V),

Teg,
Gustaf Bjurstam KTH 17/23
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® The linear CutFEM theory can be formulated using abstract assumptions on s, .
* For QQ, finite elements, it is possible to restore the first order bound.

e Numerical experiments agree with the theory and show robustness to parameter
choice and mesh location.

Outlook

In the thesis report we also look at the conditioning of the linear system of equations

and higher-order polynomial spaces are treated, but closing an order k bound remains
an open problem.
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